INTRODUCTION
Since 2014, we have been searching for expressions that could describe the dynamics of many-body quantum systems out of equilibrium [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . We started our studies with a very simple quantity, referred to as the survival probability. It corresponds to the square of the overlap between the initial state |Ψ(0) and its evolution |Ψ(t) = e −iHt |Ψ(0) ,
where H is the Hamiltonian that dictates the dynamics, = 1, C
n 0 = ψ α |Ψ(0) is the coefficient of the projection of the initial state onto the eigenstates |ψ α of H, and E α are the eigenvalues of H. Physically, W n 0 (t) gives the probability to find the system in the initial state at time t.
One way to obtain an analytical expression for W n 0 (t) is to resort to solvable models and then use the results as benchmarks to study realistic systems that are close to integrability. Another option, more appropriate for the description of quantum systems that are strongly chaotic, is to turn to full random matrices (FRM). We choose the second alternative. This was also Wigner's approach to describe statistically the spectra of heavy nuclei. A main feature of chaotic quantum systems is to show strong level repulsion, which results in the Wigner-Dyson form of the distribution of the spacings of neighboring levels [16, 17] .
We use FRM from Gaussian orthogonal ensembles (GOE). These are symmetric matrices filled with real random numbers. This model is unrealistic, because it implies simultaneous and infinite-range interactions among all particles. However, it allows for the derivation of analytical expressions for dynamical quantities of interest. This is possible, because the eigenstates of FRM are normalized random vectors and the correlation functions between the eigenvalues can be studied analytically [16] .
The analytical expression that we derive for the evolution of the survival probability under FRM serves as a reference and provides bounds for the analysis of realistic systems. By comparing this expression with the numerical results for a one-dimensional (1D) spin-1/ 2 system quenched far from equilibrium [14] , we identify the following generic features of chaotic many-body quantum systems: a long-time power-law decay followed by a time interval where W n 0 (t) falls below its saturation value. The saturation of the dynamics occurs, because the systems studied are finite. The power-law exponent is 3 for FRM and 2 for realistic chaotic many-body quantum systems [10, 11] . The full time interval of the dip below saturation is referred to as correlation hole [18] [19] [20] [21] . The hole occurs only in systems that show level repulsion [12] [13] [14] , that is systems that are not integrable. Guided by these results, we propose an expression for the survival probability of the realistic model that covers all time scales, from perturbation to equilibration [14] .
Using FRM we can also obtain analytical expressions for other quantities more accessible to experiments, such as the density imbalance and the out-of-time-ordered correlator (OTOC). The density imbalance has been employed in experiments with cold atoms [22] . Using the language of spins, the imbalance of the spin density for all sites of a lattice system is defined as
where S k are the spin operators on site k and L is the total number of sites. The OTOC [23] measures the level of non-commutativity in time between two Hermitian operators O 1 and O 2 that commute at time t = 0. It is a measure of the mixing (or scrambling) of information of the system. It has been studied experimentally in [24] . The OTOC is given by
where O 1 (t) = e iHt O 1 (0)e −iHt and . β is the average over a thermal ensemble at temperature 1/β. In this work,
and O 2 = S z k . We average the result over all pairs of sites with k > k. Both the density imbalance and the OTOC show power-law decays. Just as the survival probability, the density imbalance obtained with FRM decays as 1/t 3 , while the decay of the OTOC goes as 1/t 6 [14] . The correlation hole manifests itself also in these two experimental quantities.
QUENCH DYNAMICS AND MODELS
The Hamiltonians H considered have an unperturbed part H 0 and a perturbation V of strength J, that is H = H 0 + JV. We set J = 1. The system is prepared in an eigenstate |φ n of H 0 . The dynamics starts after turning on the perturbation, that is by quenching the system out of equilibrium.
In the FRM model, both H 0 and V have real random numbers; H 0 is the diagonal part of H and V has the offdiagonal elements of H. The matrix elements H nm of the GOE FRM are random numbers from a Gaussian distribution with mean zero. The variance of the diagonal elements is σ 2 and of the off-diagonal elements is 2σ 2 . The size of the matrix is N.
The Hamiltonian H for the 1D spin-1/2 system consists of
It has L sites, periodic boundary conditions, and onsite disorder. The Zeeman splittings h k are random numbers from a uniform distribution [−h, h]. The Hamiltonian conserves the total spin in the z-direction,
The disordered Hamiltonian (4) has been used in studies of the metal-insulator transition. When the disorder strength h is above a critical point h c , the system becomes spatially localized. For h = 0 or h > h c , the eigenvalues can cross and the level spacing distribution is Poisson. For 0 < h < h c , the level spacing distribution is intermediate between Wigner-Dyson and Poisson [25, 26] . For N = 12870, the distribution is closest to a Wigner-Dyson when h ∼ 0.5 [12] .
SURVIVAL PROBABILITY
We can write the Eq. (1) for the survival probability with an integral as follows
where
is the energy distribution weighted by the components |C (α) n 0 | 2 of the initial state. This distribution is called local density of states (LDOS). The survival probability is therefore the absolute square of the Fourier transform on the LDOS.
The mean of the LDOS is
and and variance is ω
At very short times, t ω
, the survival probability shows a universal quadratic behavior in t,
This result is clearly independent of the model or initial state.
Full Random Matrices
For an arbitrary initial state projected into the random vectors of a FRM, the shape of the LDOS coincides with that for the density of states (DOS). It shows a semicircle envelope [1] [2] [3] ,
where 4ω n 0 is the length of the spectrum. This distribution is normalized. The Fourier transform of a semicircle gives [1] [2] [3] 
where J 1 (t) is the Bessel function of first kind. For t ω
from where the power-law decay propotional to 1/t 3 is evident [6, 10, 11] . Notice, however, that the result in Eq. (11) does not take into account that we deal with finite systems, where the spectrum is discrete and W n 0 (t) does not decay to zero, but saturates to a finite value. Doing simply the Fourier transform of the envelope of the LDOS, one neglects the internal structure of the distribution and thus ignores possible correlations between the eigenvalues.
A more careful analysis of W n 0 (t) can be done by writing Eq. (1) as
is the spectral autocorrelation function and
is the infinite time average, or equivalently the saturation point of W n 0 (t). After a very long time, the survival probability simply fluctuates around W n 0 . The fact that the eigenstates of GOE FRM are normalized real random vectors leads to
where . FRM is the ensemble average. The eigenvalues and eigenstates of FRM are statistically independent, so G(E) can be split as
The first term is
The second term can be written as
is Dyson two-point correlation function. R 2 is the probability density of finding a level around each of the points E α 1 , E α 2 . Following [16] , the two-point correlation function can be separated as
where R 1 is the one-point correlation function, that is the DOS, and T 2 (E α 1 , E α 2 ) is the two-level cluster function [16] . For large N the DOS approaches the semicircle shape
where −ε = − √ 8N is the minimum eigenvalue and ε = √ 8N is the maximum eigenvalue when the real random number of the FRM satisfy H 2 nm = 2 and H 2 nn = 4. Notice that the expression (21) that we wrote for the DOS is not normalized as the Eq. (10) for the LDOS.
Using R 1 (E) in the integral part of Eq. (13) , that is in G(E)e −iEt dE, we are back to an expression similar to Eq. (5),
but where instead of the Fourier transform of the LDOS, ρ n 0 (E), we have now the Fourier transform of the DOS, R 1 (E). Since both LDOS and DOS have the same shape, we recover a result similar to that of Eq. (11) apart from normalization, 1
Coming now to the two-level cluster function and following [16] , one finds that
where b 2 is the two-level form factor and
is the mean level spacing [16, 17] . The two-level form factor is given by b 2 (t)
, where Θ is the Heaviside step function.
Combining Eqs. (13), (18), (23) , and (24) , we obtain the complete analytical expression for the survival probability for a system described by GOE FRM with large N,
In comparison with Eq. (11), the expression has now also the saturation value W n 0 FRM and the two-level form factor. The latter brings with it information about the structure of the spectrum. Taking the limit N → ∞ of Eq. (26), we obtain a result consistent with Eq. (11). The two-level form factor is only different from zero if the levels are correlated, being therefore an unambiguous and direct signature of level repulsion that one finds by studying the dynamics of the system [13] . If the eigenvalues are uncorrelated, as in integrable models, b 2 (t) = 0. Figure 1 (a) compares the analytical expression in Eq. (26) with the numerics obtained with the GOE FRM. The agreement between the two curves is excellent. The initial evolution is dominated by the term with the Bessel function, whose oscillations decay as 1/t 3 (dashed line) [10, 11] . At very long times, the dynamics saturates to W n 0 FRM , which is indicated in the figure with a horizontal dot-dashed line.
The effect of b 2 appears after the power-law decay and before the saturation. It causes the dip of W n 0 (t) FRM below W n 0 FRM . The entire interval of this dip, and not only its minimum, is what we refer to as the correlation hole. 
Spin-1/2 Model
Motivated by Eq. (26), we now turn to the spin-1/2 system described by Eq. (4) and try to obtain an expression that matches the evolution of the survival probability when the system is deep in the chaotic regime. The perturbation that starts the evolution of the initial state is very strong, it consists of quenching J from 0 to 1. In the limit of strong perturbation, the LDOS and DOS have similar shapes [1] [2] [3] [4] . However, in contrast to FRM, the DOS of systems with two-body interactions, as in Eq. (4), has a Gaussian form instead of the semicircle shape. Another important issue is the energy dependence of the structure of the eigenstates; only eigenstates close to the middle of the spectrum can approach random vectors, while those closer to the edges tend to be more localized. Because of this, our studies concentrate on initial states that have energy E n 0 very close to the middle of the spectrum. The Fourier transform of a Gaussian LDOS results in the Gaussian decay of the survival probability, e −ω 2 n 0 t 2 , where ω n 0 is the width of the LDOS [1] [2] [3] [4] [5] 27] . But when doing the Fourier transform, we should also take into account the unavoidable presence of energy bounds in the spectrum. Taking the lower and upper bounds into account, E low and E up respectively, the Fourier transform of a Gaussian gives [10, 11] 
where erf is the error function and M is a normalization constant,
For long times, t ω
which indicates a power-law decay propotional to 1/t 2 . Putting the Gaussian and the power-law decay together, as well as the correlation hole that should exist in a chaotic system, and the saturation value, we proposed the following expression in Ref. [14] ,
where . h is the average over disorder realizations and also over initial states,
and A is the only fitting constant. In Fig. 1 (b) , we compare our numerical results for W n 0 (t) h=0.5 with the expression in Eq. (30). The numerical studies are averaged over 0.1N of the initial states that have energy E n 0 in the middle of the spectrum and over disorder realizations. We deal with a total of 10 5 data for the averages. One sees that Eq. (30) matches very well the numerical curve, apart from the oscillations during the power-law decay.
As h increases above 0.5 and the level statistics becomes intermediate between Wigner-Dyson and Poisson, the hole becomes less deep, its area decreases, and it gets postponed to longer times. Since the correlation hole is a signature of the chaos-integrable transition, we suggested in Ref. [12, 13] that it could also be used to detect the metal-insulator transition in interacting systems.
IMBALANCE AND OTOC
We showed numerically in Ref. [14] for different values of the disorder strength h that the correlation hole also appears for the spin density imbalance. Using FRM, we obtained analytical expressions for the density imbalance and OTOC. These expressions justify the presence of the correlation hole for both experimental quantities.
Imbalance under FRM
The evolution of any observable O is given by
Similarly to what was done for the survival probability evolving under FRM, here also the eigenvalues, eigenstates, and O α 1 α 2 are statistically independent.
We can then separate α 1 α 2 C (α 1 )
As a result, the ensemble average of the density imbalance is
where I FRM = 2I(0)/(N +2). Just as the survival probability, the density imbalance shows a power-law decay ∝ 1/t 3 .
OTOC under FRM
The OTOC involves the four-point correlation function R 4 (E α 1 , E α 2 , E α 3 , E α 4 ) derived from the ensemble average
Similarly to the two-point correlation function, R 4 is also split into the one-point correlation function and others [16] . Initially, the decay of the OTOC is controlled by J 4 1 (εt)/(εt) 4 , which results in a power-law decay ∝ 1/t 6 . At long times, the correlation hole develops due to b 2 2 (Dt/2π), that is, again due to the two-level form factor, but in a different functional form. Illustrations and additional details for the decay of I(t) and O toc (t) can be found in Ref. [14] .
CONCLUSION
We used FRM from GOE to rigorously derive an analytical expression for the time evolution of the survival probability, W n 0 (t). The analytical expression describes the numerical results from the moment when the system is quenched far from equilibrium to the time when the dynamics saturates, thus revealing all details of the evolution. The initial decay of W n 0 (t) is determined by the density of states of the matrices, which is semicircle, thus leading to a decay that includes a Bessel function. The oscillations of the Bessel function shows a power-law decay proportional to 1/t 3 . After the power-law decay and before saturation, the correlation hole appears. The hole is an unambiguous signature of level repulsion.
Inspired by our results obtained with FRM, we proposed an expression for the evolution of W n 0 (t) when the system was described by a 1D spin-1/2 model in the chaotic regime. It captured very well the entire evolution. Because the density of states of this realistic system is Gaussian, the initial decay is also a Gaussian. The survival probability shows the following features at different time scales: a universal quadratic initial decay, which continues into a Gaussian behavior, is succeeded by a power-law decay proportional to 1/t 2 , and passes through the correlation hole, before the final saturation.
The strategy of comparing the dynamics under FRM and under the realistic chaotic system was employed also to the study of the density imbalance and OTOC. It helped justifying the onset of the correlation hole also for these experimental quantities.
The comparison between the FRM model and the realistic chaotic system allowed for the identification of generic dynamical features, which includes power-law decays and the correlation hole. This approach can be extended to other equivalent many-body quantum systems and quantities.
